Let R be a nonempty set, let N consist of all non-negative rational integers, and denote by RN the set of all functions on N to R. If R is a ring, a map M: R"->P^ is linear if M(rxfx+r2f2)=rx(Mfx) +r2(Mf2) for rx, r2 in R, fx, f2 in RN. For a finite commutative ring with unit we determine which linear transformations M: RN-+RN can be realized by finite automata.
More precisely, let A, B he finite nonempty sets. A map M: AN->BN is an automaton transformation if there exists a finite set Q, maps
Mq: A X£>-><2, Mb: A XQ-*B, elements h in B, q in Q such that corresponding to each/ in AN there exists an h in QN satisfying A(0) = q, h(n + 1) = MQ(f(n), h(n)), (Mf)(0) = I, (Mf)(n + 1) = Jf*(f(n), AW).
(In automaton language, .4 is the input alphabet, B is the output alphabet, Q is the set of states, q is the initial state, I is the initial output, while Ms(a, q) and MQ(a, q) are respectively the output and state resulting from input a and state q. For the case that A and B coincide with the set consisting of 0 and 1, the concept of automaton transformation is simply a variant of the concept of representable event of Kleene [l] .) Call a matrix m,,-: NXN-+R eventually doubly-periodic if for some positive integers Px, P2, pi, p2:
(2) Uij = U(i+Pl)j for all i > Pi and ally, 
where Si, ■ ■ • , Sk, T\, • • • , Tk, F, G are functions on the set of rational integers (positive and negative) to R which vanish for negative arguments.
For fixed Si, ■ ■ ■ , Sk, 7\, • • • , Tk, (4) induces a linear map M: RN-*RN given by the requirement that whenever F, G jointly satisfy (4), and / is a member of RN such that f(n) = F(n) for n^O, then (Mf)(n)=G(n) for «^0. We employ (5) to prove (2) and (3). Since the &th column of My consists of the entries 0, (M8k)(k + l), (M8k)(k+2), (M8k)(k+3), ■ ■ ■ it follows that this column is completely determined by the intrinsic state of a fe-term sequence consisting of k -l zero entries followed by a one. Since this sequence has the same intrinsic state as a &-term sequence consisting of zeros, (5) applies to show that this intrinsic state is an eventually periodic function of k, and hence proves (3). With this done, (2) is easy since it now suffices to show that the jfeth column is itself eventually periodic. But (5) applied to M8k yields this. 
